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Nulling  With Limited   Degrees  of   Freedom 

I.     IMHODl CTION 

An adaptive antenna reduces interference to a radar or communication system 

bv placing a null in the far field antenna pattern in the direction   if the jamming 

.source.    The adaptive antenna must be able to generate M null^ to can :el M   u 

in its environment,    As long as the number of jammers is less than the number of 

\ laptive . lements in a phased arras',   the necessary nulls    an be theorel    ally 

generate I.    A fully a laptive phased array has N elements,  with an adaptive control 

at each element.    In this ease,  the antenna has N-3   tegrees ol freedom to cancel 

N -1 jai . i  era. 

A laptive antennas are useful in small communi   ation ai rays (4 to  in elements). 

The number of adaptive controls for such an array   ire small.    As a result,   th« 

added systen   cost and complexity   s reasonable and is often worth the anti-jamming 

. apability, 

Unlike communication arrays,  radar phase.! arrays typically have hundreds or 

thousands ol el( mi nts.    Making sun a large phase I array fully adaptive has several 

drawba  ks.    First,  the extra hard« ire makes the system verj  complicated.    The 

additional hardware also leads to the problem ol  increased costs.     The expense ol 

leveloping,  operating,  and maintaining variable   -omplex weights or receivers at 

every element becomes exorbitant.   A final problem is ihe adaptation time needed 

(Received for- publication 2 May 1983) 
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to cancel the jammers.     Radars usually have tight - ontraii I ••• I! 

time.    Some adaptive algorithms use a random search to find thi 

values.    The random search algorithms vary the signal at one el«       nt   •• 

irrive at the optimum antenna pattern.    This techniq i   • u      «>   . 

but takes a long time to converge on lari_re arr lys.    CM •   • I • • 

nal correlation      itrix,  then invert the mat'      to find 

ing and inverting the correlation matrix   if a lar       irra r< perfectly 

matched receivers  it each elen ent.    In ad iition, the • • 

asily invei I • 

Partial adaptive nullint.' offers solution! • iated 
1   2 with large fully  idaptive arr  vs.   '       Unlike a fu       ada   '        at    iy, -tiallj 

adaptive arr ty     ily has T •   triable controls tiling,    •• ver 

controls :• • ans     • • •••        less comp ex I fasti 

are gained     rough     icrifi    ng     :ontro    tbi   I       if I •  -. '   • • 

ida|    vi    . -     it     •      ,--•:. the less the ant< tin      an 1 ["his 

ja    • • celed,  and i »are har : . 

ideofl "' -   ' or       hi'.e, ti >r> usual] tny 

ri :•••••..       •     .   -1 • mem 

lori wil •:•     . • free '   . 
••.:; •,.. .   fr .... e nul ecause null synthi t the       'ica 

• '•. • r. • :• '  Iba   ••   ir >cess, whil     tdaptiv     tullin      i i     Iback to pi 

the nulls       -'!"     f errors.    Even though nulls synthesis        not be practically appli 

to actual trrays,   it provide     'aluable in  iti   into the     ...*••••   pro •-   .     \-   . 

the null synthesis proce       lescribed   n the   ollow        pages   • i    ' ide adaptive bv 

ncorporatii      t bean    »rthogonalization procedure and an adapi    i   tlgorirhm. 

Three   liffereni types of nu: 1 ir-g procedures w :I! he   üscusse I.    I'  • h u  i -   i frai - 

tion ol the I ita] number ol i lei tents in the aperture to generate nulls.    The tvpi 

pro. edure use I depends upon the antenna .  mfigurati in.     ["he        I nulling ••   hn   |ue 

uses only a small portion  >f the total numb« r of elements.   '! he."    -   lei '•• i elen ents 

have variable complex weights to change 'he amplitude and phasi       th<     len ent's 

signal.   A second technique places the variable complex  veighl     il the   »ntenna's sub- 

irray level.   Thus,  there is oni   con   ilex weigh!  for c. .• - il i   ri he final nul- 

ling process puts the variable complex weights  tl the fi i  I of s.      .<  •   fed tens.    Each 
nf these null synthesis techniqui s ha i fewer   h grees of frei  li i     v tilablt   for 

nulling,  than number of elements In thi   u ure. 

1. chapn.iii,  D.J.  (1978) Partial adaptivity for the large  irra   .     El E  frans,  on 
Antennas and Propagation,  Al    24(No.  51:685-696. 

2. Morgan,  l>. H.  (1978) Partially adaptive array   techniques.    IEEE frans, on 
Antennas and Propagation.   ^P-28(No.   51:823-833., 
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2.    M LUNG wMil SELECTED ELEMENTS 

A fully adaptive array has X variable controls for N' elements.    In most situa- 

tions,  the number of jammers is much less than the number of elements.    The 

logical c >nclusion to draw is to place only enough variable controls in the array to 

adequately counter the worst expected jamming scenario.    Selecting the proper 

position and number ol elements used in the nulling process determines how well a 

jammer can be cancelled,   while keeping the antenna pattern intact. 

The array in Figure  1 serves as the model for analyzing null synthesis with 

selected elements In the aperture.    Each of the arrav elements has a phase shifter 

for steering the main beam in the direction of the desired source.    Element n has 
a phase shift of kd   u    where 

k 2ir/A. 

X wavelength, 

d distance of element iron. < enter of array (in wavelengths), 

u sin   '   . s s 

direction of source from boresite. 

Behind each phase shifter is  i fixed amplitude weight.    These weights have values 

corresponding to a distribution that generates low sidelobes in the far field antenna 

pattern.    Some typical amplitude distributions are Taylor,  Chebychev,  and cosine. 

Elements ql,  q2,   ...   qT have variable complex weights after the fixed amplitude 

weights.     These elements torn, the nulls in the far field antenna pattern.    The vari- 

able complex weij hts have values represented by I +d, -t  j/3   for t=ql, qü,  ...  qT, 

T< N.     finally,  all N signals are added together in the summer to produce a total 

output signal.     When no jammers are in the environment,   the total output signal is 

the sum oi the desired signal and internal noise at each element.    When interference 

appea:-s m the . nvironment,   the total output signal is the sum of the desired signal, 

noise,  and interference at each element.    I'hanging 'he amplitude and phase of the 

variable complex weights affects the total output signal of the array.    The weights 

can be set at certain values so the interference signals cancel,   while the desired 
3, 4 

signal changes very  little. 

md Stevskal,   II.   ( 1 983) Nulling in Linear Array Patterns With 
of Weight Perturbations,   l{AlJ('-TK-»2-32.  Al) AllHü'95. 

•1.    Haupt!   II. I .   (1982) Simultaneous Nulling in the Sum and Difference Patterns of 
a  r.!-.;io|,uise Antenna.   KADC-TU- 

1 1 
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Figure 1.    N   .lenient Linear Array With T Adaptive Controls 

The quiescent values of the array weights are 

expl- jk <i    u J, n = 1, n       ' '   •'      n    s •  N . (1) 

Here,   tiie variable complex weights,   1 * a .* ß. are in their quiescent state 

rt    = ß    •   0.    Transforming the quiescent weights to the far field results in the far 

field pattern represented by 

\ 
S(u) =   2-1   a    expijkd <u - u )}. (2) 

n- 1     n 

When jammers appear in the sidelobe regions,  the variable complex weights 

are adjusted to produce a null in the directions of the Jammers.    Now,  the variable 

complex weights in cascade with the phase shifters and fixed amplitude weights yield 

w{ -  a, (1 + or. + J 0J expi-jkdtu ]    t = ql, q2 qT (3) 

12 
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The remaining N-T elements remain unchanged.    Transforming the new array 

weights to the far field produces an antenna pattern represented by 

N 

S   (u) X,   a (1 + a   + 
n= 1 

iß J expljkd  (u- u  )) (4) 

and 

Of   , 8     = 0 when n^ qt,   t = 1,2.   ....   T n      n 

This pattern has nulls in the directions of the M jammers (tf     ).    In other words, 
r •> m 

S (u) = 0 when u = u     for m -   1,2 Rl. m 
qT 

2_<    a    expljkd  (u     - u ) •+    7,     a   (a . + i3 J expl ikdju     -u  )] = 0 .     n '      n    in       s       ,*—' ,     t      t        t t    m       s n= 1 t = ql 

qT 

S(%) *    £    *t««t + j*t>«p[jkd<u    -u )]- 0. 
t= ql 

(5) 

(6) 

Equation (t>) is the sun: of the quiescent pattern and IU cancellation beams.    The sum 

of the cancellation beams has the same amplitude   >s the quiescent pattern at the 

angle "    .  but is IHO   out ot phase. m ' 
In order to find the values for a    and ß    that produce nulls in the directions of 

interference,   we must s >lve Eq.   (61.    This equation is actually a set of M simul- 

taneous equations with T unknowns.    Since there are more unknowns than equations, 

no unique solution exists for a    and ß .   Rearranging Kq.  (6) into the matrix form 

AX =  I! yields 

qT \ 

£   at«*t+ j0t>expUkdt(um-Ug)]=   -   £  an expfjkd^u^ - us>] (7) 
t=ql n- 1 

A  = 

X 

aql expljkd^^Uj-Ug)]   ...   a.r exp[jk d^u, - ug)] 

a   , expljkd   ,(u    -u  I   ...   a_ expljkd .„(u    -u )] ql        '   •'      q!     m       s T       ' ''      q T    m       s • 

a   .4   |J9   , ql ql 

°qT-   WqT 

(8) 

(9) 

13 
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B = 

N 

I 
n= 1 
2^   an exp|jkdn(Ul - Ug>) 

N z 
n= 1 
Ea    expl jk d  (u     - u   )] ,     n     K,J     n   m      s J 

2 2 
The Least mean square solution of AX = B bv minimizing a    + ß " is 

X = Ar (AA1 '" '  B . 

(10) 

ill) 

A    is the transpose complex conjugate of the n atrix A.   Solving Eq.  (11) for the 

unknowns o     md ;!    in *he <• atrix X gives t ; 6 

i>, 7j    | v    a. i  •sid.ia    - u  >i -   '.     .   sinld i i   - •:    '] ! 
t *—'.      '     m    r '   t    m       s ' t •     r.       :>.   ' i 

(12) 

/ ,      •! -\     a, sinld (u   -u    >] + z i   >s[d (u   -u    >l "—'.      I t    s m   1 t    s      rr.    I 
«        •  "I      ' 

(13) 

rhe v   nable;   •-      and   '       in   elf mi I   I   i     omi   es    • • '• •.   '    lefined 1 
• ., . 

, •   ,V<  B. (14) 

When  ill th" adaptive elements   in   symmetrii  ill    placed   iboul the center of the 

a -ray.   >   is a  real matrix. 

i ii    • •••-.   •  >deled on the computer  ;   I .!u i lements with a -30 dB, n     1 

raylor di  tribution.    Figure 2  shows the a   ray1     guiescent far field pattern. 

Several runs we  '   made using this arrav  model with two  m<l four- adaptive elements. 

1'a    t'. o major questions that n< ed ans« ers  ire which elements are tlu be.-' to 

u  i    md •;• •    i innv elements an   needed to  idequately perform the nulling. 

i ;   ...      I to 9 slow ;in- far field p itterns of the model using two adaptivi  ele- 

ments    nd •   jammei  i-      ted  it i3  .    Along witl   each nulling pattern is the corres- 

onding . mcellation bi am superimposed on th<  quiescent far field pattern.    Watch- 

ing the cancellation beam change  is different el< ments are usi i for adaptation) 

gives Instti   to pattern perturbations due to nulling. 

Alien onlj   two elements in the   irray .irv adaptive,   they form an interferometer. 

When the ad iptive i lements   ire i lose together,  their resulting cancel! ition be iro is 

a ver\ broad pattern with only one null.    Thi   cancellation bean   la the far field 

pattern o( two ••lements spaced A, 2 apart.    \s the   idaptive element: are movi 

apart,  the cancellation beam has more peaks and nulls.    The number of peaks and 

H 
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Figure 2.    Quiescent 
Far Field Pattern of a 
Linear Array With a 
-30 dB.  n = 4 Taylor 
Amplitude Distribution 

-60 

AZIMUTH ANGLE IN DEGREES 

nulls increase until the last element on both ends of the array are used as the adap- 

tive elements.    At the extreme ends the cancellation beam has basically the same 

ripple pattern as the quiescent pattern. 

Figures 3a to 4b show some computed results for symmetrically pi.iced adaptivi 

elements m the array.   The best result- were obtained .vhen the lasl element on both 

ends of the array were used for the adaptive elements.   In that situation,  cancellation 

was achieved with little perturbation t<> the rest of the pattern.  Symmetrical adaptive 

elements result in a real V matrix.   The values for the variable complex weights 

have the same amplitude, but opposite phases.   Because <>(' these facts,  the ft r field 

pattern tends to cancel exactly and add together at  lifferenl angles.  Thus,  the new 

antenna pattern has distinct nulls and the sidelobe structure remains close to th< 

quiescent sidelobe structure. 

Unsymmetrical adaptive elements produce a complex V  matrix.    f*hi   cancellation 

beam does not have deep nulls and high, peaks.     Instead,   n is   i wav\  pattern al about 

the same level as the sidelobes.  When the quiescent pattern and cancellation beams 

are added together,  the resultant pattern has   'filled in nulls  .   The pattern is still 

cancelled .it the desired points, but the entire sidelobe structure is distorted,  i tg- 

ures aa and ab show examples of an antenna pattern and its associated cancellation 

beam due to unsymmetrical adaptive elements. 

The conclusions drawn in the two  i laptive element cases apply to a »rays with 

more adaptive elements.    Unsymmetrical adaptive 'dements have a complex V 

matrix and tend to fill in the nulls.    Symmetrical adaptive elements keep the side- 

lobe structure close to the quiescent sidelobe Structure.     Some of the  results ob- 

tained with four adaptive elements are shown in I igures  ra to t'b.    Symmetrically 

placing the jammers at both ends o! the arraj give the best results.    However, 

generating up to T-l adaptive nulls is possible   using anj  combination of T adaptive 

elements.    Table I lists the array weights for figures 2 through 9a. 
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Figure oa. Far 1' ield Pattern Resulting From 
Adaptive Controls at Elements 10 and 1 1 and a 
Jammer at 33° 
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Figure Hb. Cancellation Beam Superimposed 
on (^uieseent Pattern for Adaptive Controls at 
Elements  10 and  1 1 
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Figure 4a.    Kar Field Pattern Resulting From 
Adaptive Controls at Elements 3 and  18 and a 
Jammer at 33° 
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Figure 4b.    Cancellation Beam Superimposed on 
Quiescent Pattern for Adaptive Controls at 
Elements 1 and 20 
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Kigii-e 5a.    Far Field Pattern Resulting From 
Adaptive Controls at Elements 9 and 11 and a 
Jammer fit 311° 
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Figure 5b. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
Elements 9 and 11 
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Figure 6a.    Far r ield Pattern Resulting From 
Adaptive Controls at Elements  1,   2,   1!>,   20 and 
a Jammer ;'.t 33* 

-80 0 1 
AZIMUTH ANGLE IN DEGREES 

90 

Figure <>b. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
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Figure 7a.    Kar I teld Pattern Rt suiting From 
Adaptiv*   Controls at Elements 9,   10,   U,   12 
and ,» Jami t< ••  it  ; i 
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Figure 7b.    <  mediation Beam S iperimposed on 
Quiescenl Pattern for adaptive Controls   t 
Elements 9,   10,   II,   ind 12 
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Figure 8a.    Far Field Pattern Kesulting From 
Adaptive Controls at Elements 2,  4,   10,   17 
and a Jammer at 33° 
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Figure 9a.    Far Field Pattern Resulting From 
Adaptive c ontrols at Elements 1,  2,   If".  20 
and Jammers at 30° and 58° 
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Figure 9b.    Cancellation Beam Superimposed 
on Quiescent Pattern at Elements l, 2,  io, 
and 20 
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Table 1.    Product of Taylor Distribution and Variable Complex Weights of 
Figures 3a to 9a 

Element        Quiescent Figure 3a Figure 4a Figure 5a 

Amp        Ph        Amp l'h Amp Ph Amp Ph 

1 0. 248 0 

2 0. 294 0 

3 0. 378 0 

4 0.487 0 

5 0. 605 0 

6 0. 721 0 

7 0. 824 0 

8 0. 909 0 

9 0. 969 0 

10 1. 000 0 

'. 1 1. 000 0 

12 0. 969 0 

13 0. 900 0 

14 0. 8 24 0 

15 0. 721 0 

16 0. 60S 0 

n 0.4 87 0 

18 0. 378 0 

1!) 0. 394 0 

20 0. 248 0 

0. 144 -0. 561 

1. 102       0. 101 

1. 102     -0. 10 1 
0.853 0.091 

1. 106        -0. 104 

0. 144 0. 56 1 

When amplitude and phase valui a are not listed,   they are assumed to be the 
same as the quiescent values.    Phases in radians and amplitude values 
normalized to peak amplitude of quiescent weights. 
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Table 1.    Product of Taylor Distribution and Variable Complex Weights of 
Figures 3a to 9a      (Contd) 

Element Figure 6a Fig ure 7a Figure Ba Fig» re 9a 

Amp            Ph Amp Ph Amp            1'h Amp Ph 

1 0. 1 18       -0. 161 o. 184 -0. 160 

a 0.27 2         0.285 0. 288         0, 052 0. 308 0. 276 
3 0.494       -0.090 

4 

5 

6 

7 

8 

g i. 9io 0. 043 

to i. 051 0.  »55 I. 133         0.1 .'i 

1 1 .05] 0. i!   5 

12 

1 3 

0.    10 -0. 04 i 

14 

1 

16 

IT 

18 

ii. 194          i. 0 ••• 

0. 506 -0. 276 
19 0. 272       -0. .' 15 0. LI 1 0. 160 
20 0. 198          0. 161 

X     M I I.IV. WITH SI l(\HI< \V> 

U th      ntenna has subarra   -.  then the number of  idaptive elements   :an tu 

reduced bv pi icing a vari ible i omplex iveighl   il the output of ea< ;;    . b   • -ay. 

Kigure 10 shows  i di     rai      f      ini  u .  with X elements divided into T sul 

irrays.     n     antenn   4i   •  \    has<     hifters   .mi fixed an plitude weights,  and   I' firm 

delays and /ariabl«     omplex   veights.     rhe     tbarri    ä may   >r may not contain   m 

equal number of elements.    Both      ses  will be considered. 

Th(  quiescent   irra\   veighl     in   m  en bj 

w a    expl-jkd   u  I (15) 
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ADAPTIVE 
WEIGHTS 
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DELAY 

Figure 10.    \ Element Linear Arraj With T Subarrays and an Adaptive Weight 
at Each Subarra. 

A uniform plane wave incident on the aperture induces a signal level at each element 

represented by 

s     •   a    exp likd   (ii-u   )] n -   1, - \  . n n '       n s ' 
(16) 

These weights arc added together at the subarray level to give  T different outputs. 

7.       a     expl jk d   (U - u   )] 
q=Q 

(17) 

(.}        set of indices of the element  in subarray t 

t =   1.2 T . 
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In turn,  the T subarray outputs are added together to give one output signal.    Under 

quiescent conditions (a   = ß   = 0),  the far field antenna pattern is 

S( u)  =   Yl      H       a    exp[j(kd  lu-u  >)] 
t= 1    q = Q. 

q s (18) 

The variable complex weights are adjusted to create M nulls in the far field 

pattern at angles 0     (m =  1,2,  ....  M).    The new far field pattern is given by 

'(u) =  0  =   X       1^      (1 + «t+ j£t 
t= 1    q=Q 

) a^ exp| j(k d  (u - u   )] . (19) 

The far field pattern,  S'(u),  has M nulls at 0   = 0    . r m 
T 

S'(u    ) =  0 =    £     JL     (1 4 S+ jß  ) a    exp[j(k, 
t= i   q=Q, q q    m      s 

(20) 

Rearranging this equat.on to put it in the form of M simultaneous equations with T 

unknowns on the left side and IU known quantities on the right yields 

T 

2^        Z-       a   (Of. +  jfl   ) exp[j(kd   (u     - u  ))] (21) 
t= 1     q-Qf 

<°\ +  \ß J expljlkd   (u     - u   ))] )     t      • '   t q     m       s 

-    2^      2-<       ;»    expljlkd  (u     -u   ))] . 
t      1     q     Qf       0 ' 1     »'        8 

(22) 

As in the previous section,   these equations may be put into the matrix form 

AX =  B and solved using a least mean square fit. 

/ ,       a    exp    !j|kd   <u   - u   )]}...       2_«       8    exp!  j(kd  (u ,-u  )][ 

A  = 

q = Q q = Q.r. 

7 .       a    exp  \   ilkd  (u     - u *)]     . . .    /,        a    exp j  j|kd  (u     - u   )] j 
qTQ       "> ' 1    m       "' n. (.)        9 q    m      s ' ( q=QT 

(23) 

X 

«j   -   J0, 

L aT-»   WT 

(24) 
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B  = 

Z    H    ;'q exp | j[kd.(UJ-UJ)]) 
t= 1   q = Qt 

2-/     Z-<      a    *-xP    ! ji h- tJ   (u     -u   >]) 
t     1   ,.Q,     q « «    m      3    ' 

(25) 

The X matrix is given by Eq.  (11) and the V matrix by Kq.   (13).    Solving for X leads 

to the following values for«    and ß   : 

a.-     /] L |y    a    cos[d (u   -u    l+z    a   sinfd (u  - u    M! (26) t *-", , ' • m   q '   q    s       m in   q        '   q    s      m     ' 
tn= 1 q=Qf 

M M 

M 

.•: T*      y, | v      a    sin|d  (u    -u    )] - z     a    eos|d  (u    -u    )] !    . (27) 
*-J,      ~ I     m    q        '   q    s       m '        m   q '   q    s      m    ' 

These values of the complex variable  .'.eights produce nulls in the subarray antenna's 

*   r ' ii Id p ittern. 

[*h<   c »mputer model was an array with 20 elements and a -30 dB, n= 4 Taylor 

distribution.    Several different subarraying configurations were tried.    The first run 

had onls  two subarrays 'I tgure 1 lat.    In every case nulling in the desired direction 

was adequately achieved.    I igures Ha to lüb show the results of nulling with sub- 

irrays.     The cancel] ition beam tended to significantly enhance some sidelobes,   while 

significantly  reducing others.    Symmetry created a real V matrix,  hence the. an- 

tenna1        ttern s nulls wer.   not filled in. 

Splitting up the subarrays so that one contained more elements than the other, 

degraded the far field pattern.    The Y matrix is no longer real and the cancellation 

beam   md quiescent pattern add to zero at only a few points,    figure 13a shows the 

results of nulling with two subarrays,   one with 8 elements and the other with 12 

elements.    I'ittern distortion gets progressively worse as the subarray imbalance 

gi ts worse. 

V  .'vint; the number of subarrays and number of elements in a subarray pro- 

duced considerably different results.    In all cases the more subarrays,  the better 

the results.     I his conclusion makes sense,  because the number of controls increases 

with the number of subai rays.    A second way to improve nulling results is to have 

an equal number of i-h .-icnts in every subarray.    Finally,  having symmetrical sub- 

arrays with equal number of elements produce better results than unsymmetric sub- 

arrays.    Figures 14a to 16b demonstrate the above observations.    Table 2 lists the 

subarray  weights for Figures  11a to  16a. 
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The null's angular location determines the distortion of the quiescent far field 

pattern.    For instance,  a null placed at the peak of a quiescent pattern sidelobe 
produces more distortion than a null placed near a null in the quiescent pattern. 

This type of distortion makes sense because more power is needed to cancel a high 

sidelobe value than a low sidelobe value.   The cancellation beam must be raised to 

the level of the quiescent pattern in the direction of the desired null to produce can- 

cellation.    The higher the level of the quiescent pattern,  the higher the cancellation 

beam is raised.    Haising the cancellation beam at one point raises it at all points. 

Thus,  the cancellation beam has more impact on the quiescent pattern at all angles. 

This type of distortion occurs in fully adaptive arrays as well as partially adaptive 

arrays. 

Figures 17a to 17b demonstrate  pattern distortion that is dependent upon the 

sidelobe level of the quiescent pattern.    A twenty element uniformly weighted aperture 

with four equal subarrays was used in these examples.  At 10° the quiescent pattern 

is -18 dB below the peak of its main beam.    In order to produce a null at 10°,  the 

cancellation beam is raised to match the quiescent pattern at that angle.    The level 

of the entire cancellation beam goes up.    As a result,  the sidelobes and mainbeam 

of the quiescent pattern are distorted.    The reduction in the main beam gain is due 

to 14.4 percent reduction in the amplitude of subarrays 1 and 4 as well as the phase 

changes of each subarray (see Table 2). 

Figure  19a shows the results when the null is placed at 11° instead of 10°.     The 

quiescent pattern at 11° is -27 'Ui below the peak of the main beam.    Nulling at 11° 

has no noticeable effect on the gai.i <i( the main bear/.     The reason (Figure  19b) is 

the cancellation beam is only raised to the level of the quiescent pattern at 11°. 

Since this level is considerably lower than the pattern level at 10°,  the resulting 

pattern distortion is less. 

Subarray nulling produces an additional distortion not found in nulling with 

selected elements.    The distortion occurs because the cancellation beam has a 

limited scan.    Consequently,   the cancellation is usually done with the sidelobes of 

the cancellation beam.     Haising the sidelobes of the cancellation beam to the level 

of the quiescent pattern also raises the peak of the cancellation beam.    Since the 

peak is somewhere in the vicinity of the main beam,  main beam distortion results. 

Nulling with selected elements uses the peak of the cancellation to match the 

quiescent pattern in the direction of the desired null.    As a result,  the cancellation 

beam's sidelobes produce little changes to the quiescent pattern.    This fact is evi- 

dent in the results shown in the previous section. 

Table 2 shows the amplitude and phase settings for the subarray variable complex 

weights in Figures 17a-19a.   Notice the large amplitude and phase deviations required 

to place the null at 80*,   The quiescent pattern is -27 dBbelow the mainbeam at both 11" 

and 60°.   Since the nullat 11° is produced by a peak in the cancellation beam, less 

distortion results.   On the Other hand, the null at 60° is generated by a sidelobe of the can- 

cellation beam and significant distortion results. 
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Figure 11a.    Far Field Pattern Resulting From 
Adaptive Controls at 2 Subarrays (10, 10 elements) 
and a Jammer at 33° 
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Figure lib. Cancellation Beam Superimposed 
<>n Quiescent Pattern for Adaptive Controls at 
2 Subarrays i 10, 10 elements) 
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Figure 12a.    Far Field Pattern Resulting From 
Adaptive Controls .it 4 Subarrays (5,5,5,5 
elements) and a Jammer at 33" 
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Figure 12b.    cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Subarrays (5,5(5,5 elements) 
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Figure 13a.    Far Field Pattern Resulting From 
Adaptive Controls at 2 Subarrays (8, 12 elements) 
and a Jammer at 33° 
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Figure 13b.    Cancellation Ream Superimposed 
on Quiescent Pattern for Adaptive Controls at 
2 Subarrays (8, 12 elements) 
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Figure  14a.    Far Field Pattern Resulting From 
Adaptive Controls at 4 Subarrays (2, 8, 8, 2 
elements) and a Jammer at 33° 

-60 
-90 

 
, 

^_ 

ftffll 
t     '   '   ' 

11 W\ 
II .   . 1 1. .1.1 

0 T 

AZIMUTH ANGLE IN DEGREES 

90 

Figure 14b.    Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Subarray (2, 8, 8, 2 elements) 
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Figure  15a.    Far Field Pattern Resulting From 
Adaptive Controls at 4 Subarrays (2,4,6,8 
elements) and a Jammer at 33° 
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Figure 15b.    Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
(2,4,6,8 elements) 
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Figure  16a.    Far Field Pattern Resulting From 
Adaptive Controls at 4 Subarrays (5,5.5,5 
elements) and .lammers at 33" and 58° 
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Figure 16b. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Subarrays (5,5,5,5 elements* and 2 Jammers 
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Figure 17a.    Uniform Far Field Pattern Resulting 
From Adaptive Controls at 4 Subarrays (5,5,5,5 
elements) and a Jammer at 10° 
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Figure 1Tb. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Subarrays (5,5,5,5 elements) 
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Figure  18a.    Uniform Far Field Pattern Resulting 
From Adaptive Controls at 4 Subarrays (5,5,5,5 
elements) and a Jammer at 11° 
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Figure 18b.    Cancellation Beam Superimposed on 
Quiescent Pattern for Adaptive Controls at 
4 Subarrays (5,5,5,5 elements) 
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Figure 19a.    Iniform Far Field Pattern Resulting 
From Adaptive Controls at 4 Subarrays (5,5,5,5 
elements) and a Jammer at 60° 
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Figure lPb. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Subarrays (5,5,5,5 elements) 
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Table 2.    Variable Complex Weight Values for Figures 11a to 19a 

Variable Complex Weights 

Figure Subarray 
Number of Elements 

in a Subarray Amplitude Phase 

1 la 1 
2 

10 
10 

1. 000 
1.000 

0. 208 
-0. 208 

12., 1 
2 
3 
4 

5 
5 
5 
5 

0. 902 
1. 000 
1.000 
0. 902 

-0. 208 
0. 100 

-0. 100 
0. 028 

13a 1 
2 

8 
12 

1.028 
0. 912 

-0. 217 
0. 246 

14a 1 
2 
3 
4 

2 
8 
8 
2 

0. 838 
1. 000 
1. 000 
0. B38 

0.049 
0. 164 

-0. 164 
-0. 049 

15a 1 
2 
3 
4 

2 
4 
6 
8 

0. 9 1 5 
0. 960 
1. 000 
0. 978 

0. 025 
0. 058 

-0. 177 
0. 099 

'6a 1 
2 
3 
4 

s 
5 
5 
5 

1. 000 
0. 832 
0. 832 
1. 000 

-0.454 
0. 07 1 

-0. 07 1 
0.454 

17'. 1 
2 
3 
4 

5 
5 
5 
5 

0. 857 
1. 000 
1. 000 
0. 857 

-0. 170 
0. 175 

-0. 175 
0. 170 

18a 1 
2 
3 
4 

5 
5 
5 
5 

0. 980 
1. 000 
0. 980 
1. 000 

-0. 07 1 
0. 07 1 

-d. 071 
0. 07 1 

1!';, 1 
2 
3 
4 

5 
5 
5 
5 

1. 000 
0. 602 
0. 602 
1. 000 

-0. 418 
-0. 34 ! 

0. 34 I 
0,418 

Phase in radians 
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Nulli eed       i    paci    •• I lens is si i   ilar • • . u : i .   •   I .• irr tys of 

ice fed len i •  •     if subai       Lng.      la ment 

-, >wer to i .1  hi I- mi til   n the .•   .-.    This an i em means 

he entin    ens is a subarray for every  'eed element.    In other woi  .  ,   the number 

if elements in the lens equal imber o     lern ents in a subar ray.    The ten 

illy   iverlapped subarrai        (escribes this o    figuration. 

10    hows a   liagran    i   a spaci       I lens.    Both the feed and th<   Lens are 

r arrays otn eli     ents. e lens has N el i I the feed 'I 

"!•••     nl        Everv lens element has a va      bli     hasi   shiftsi    01   steering the main 

,  there are N fixed hifters I ect for thi     pi erii a! 

f the fi I i .•      i] ilitude wi I e lens, 
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Figure 20.    Space   Fed I ens U<'h an N Elemenl  Lens and  I   Elemenl Feed 
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The feed has two sets of complex weights.    The first set has fixed values for 

producing a low sidelobe distribution for the lens.    The second set is variable for 

nulling.    These weights are adjusted to produce a null in the far field pattern of the 

antenna in some desired direction. 

The expression for the far ''icld pattern of a space   fed lens is slightlv more 

complicated than the other antenna configurations discussed so far.    Since the 

antenna is reciprocal we can pretend it is transmitting or receiving to derive its 

quiescent far field pattern.    In this case we will sav the antenna is transmitting. 

The field distribution on the back of the lens at lens element number n is given by 

T Ea 
^-   exp[-j0t]  exp[jkHnt] (28) 

t = 1 nt 

R   . - distance between feed element t ami lens element n (in Al, nt 

a - fixed amplitude weight at feed element t, 

d - fixed phase weight at feed element t. 

The signal S    passes through the fixed phase shifters C    in 'lie lens that correct s n n 
for the spherical phase front.    In addition,   the variable phase shifters impose a 

linear phase shift kd   u^ across the array to steer the main beam.    When the signal 

reaches the front side of the arrav,   it has a value o( 

T 

£ 
t 1 

T 

I 
I     I 

nt 
•xPl.l<kKm      0t)] expi-.,(L'n •   kdnus)] 

Z2      ry^-   <-xpl|(kR  ,      o,    -  C kd   u   i] . *-*.      K PL' nt        t ii n   s 
1 nt 

(29! 

(30) 

Taking these weights and transforming to the far field leads to Eq.   (31). 

N        1 

S(u)       z2    Z.     rr-    expfj(kR ( • kd^u      o(   - C     -  kd  u )) . (31) 

This equation changes in the presence of jammers.    Now, the complex variable 

weights are adjusted to put nulls in the directions of the jammers.     1 lie neu  antei 

pattern is zero at the angles P    . 
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N        T 

Z, E r s  <0        ZJ.    L,     R-— d * "» •   i&) <?xp[i(kK      •  kd   u      - 0   - C    - kd   u  )] = 0 
11 n     I    t     1        nt n n   m        t n n   s • 

(32) 

X        T 

?,    .5    *C   tot ' J'V   exPfJ(Rn. • kVm- VS, n    I    i    1      in 
kd   u  )] 

N        T 

E     E   7T^ -p[j<kK|U •   kdn%  - ot - Cn - kdnug)l .    (33) 

Equation  (23)  can  be put in the matrix form AX = B where 

N X 

E     5„lex|,l',(nlll       •••        E     "nT
expt-,,nTll 

A   = 

n     1 n=  1 

X 

I 
n -  1 E     önlexP[JenlM 

X 

I 
n     1 
E    5nT exp[j€nTM] 

(3<! 

a, -.i.'. 

°T  •   ' "T 

(35) 

M '! 

: i 
11 i E     E     öntexP(Jent] 

x        I 

E  E 
n     1    I       1 

6  . exp(j e   ,,. > 
nt      '  •    tit A] 

(36) 

nt        I{ 
nt 

(37) 

f    ,       -   k H       •   kd   u       - O    - ('     - kd   u ntm nt n   m t n n   s (38) 
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These equations are solved usi.ig a least mean square solution. 

v = (AAV
1
 B 

x - A\ 

(39) 

(40) 

V is a complex vector with elements v      •   i?    ,    The 'inknown values for O. and  ii. m      •    m t ' t 
are given by 

M N 

, *—'.      nl    l   m nlm m nlm ' 1 n     1 

iM N 

/ . / .    6   .    r-v     sin(£    ,     l •   7      cosft    .     )] 
*—'. '—'.      nl    l  • m nlm m nlm ' 

(41) 

(42) 
ID     1     n     1 

The space led lens simulation had a 20-element leas and an f/d of one.    Fig- 

ure 2 1a shows the results of nulling with a two-element feed.    Pattern distortion 

decreases as the number of feed elements increases.    Note that the cancellation 

beam has a peak in the main beam of the quiescent pattern.    The subarrav distortion 

discussed in the last section applies here too.     This causes problems when the 

number of jammers is almost the same as the number of feed elements.    The can- 

cellation beam takes away substantial gain from the quiescent pattern's main beam. 

The results from nulling at the feed of a space   fed lens are shown in Figures 2 1a-23b 

and Table 3. 

Partial adaptive nulling is a feasible approach to nulling in very large arrays. 

The number of adaptive controls depends upon the interference.    The more jammers 

and wider the system and jammer instantaneous bandvvidths,   the more adaptive 

controls that are needed to provide adequate cancellation.    In most eases,  a Fully 

adaptive array is an overkill and a partially adaptive array provides the necessary 

nulling with a small amount of pattern distortion. 
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Figure 121a.    1 ;ii' Field Pattern of a Space-Fed 
Lens With 2 Adaptive Elements in the I eed and 
I Jammer a t .>'.') ° 

ORAPH  • 

-60 

» 

Figure -lb. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
2 iced Elements 
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Figure 22a.    Far Field Pattern of a Space-Fed 
Lena With 4 Adaptive Feed Elements and 
1 Jammer  it 33 
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Figure 22b. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Feed Elements 
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Figure 23a.    Far Field Pattern of a Space-Fed 
Lens With 4 Adaptive Feed Elements and 
Jammers at 33° and 59° 
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Figure 23b. Cancellation Beam Superimposed 
on Quiescent Pattern for Adaptive Controls at 
4 Feed Flements and 2 .lammers 
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Table 3.    Variable Complex Weight Values for 
Figures 21a to 23a 

Variable C omplex Weights 

Figure 
Feed 

Element Amplitude Phase 

21a 1 
2 

0. 773 
1. 000 

3. 121 
-0. 016 

22a 1 
2 
3 
4 

1. 000 
0. 693 
0.60-A 
0. 906 

-0. 085 
0. 033 
0. 125 

-0. 015 

23a 1 
2 
3 
4 

0. 883 
1. 000 
0. 907 
0. «07 

-0. 107 
-0. 002 

0. 095 
0. 013 

Phase in radians 

:>.    ( ONCLI SIONS 

This report analyzed three different methods of nulling with limited degrees 

of freedom.    Fron   the theoretical viewpoint,   nulling with selected aperture ele- 

ments .an produce better results than either subarraying method.    However,   when 

the number of jammers is much less than the number oi' adaptive controls,  all three 

techniques pro hu e very goo I results. 

Symmetry seems to be an important consideration when reducing the   tvyrees of 

free Ion .    Symmetrical adaptive elements and subarravs limit distortions to the 

quiescent far field patterns.    Unsymmetrical configurations tend to    fill in'   the 

pattern's nulls.     \nv symmetrical arrangement produces real values for tin   far 

field pattern,     I he real cancellation beam and real quiescent pattern periodically 

add and subtract to give distinct nulls and peaks.    I ^symmetrical configurations p 

produce complex cancellation beams.    Adding together the quiescent pattern and 

cancellation beam produces a pattern with few distinct nulls.    Thus,  the sidelobes 

>f the new far field pattern appear verv distorted. 

Analyzing the cancellation beams provides insite to the nulling process.   Both 

subarraying techniques had cancellation beams with high gain in the direction of the 

quiescent pattern's main beam.  The more jammers in the environment,  the bigger 

the gain of the cancellation beam.   Hence,  the antenna's gain degraded.  When nulling 

was performed with selected elements,  the peak of the cancellation beam was in the 

direction of the interference.    In this wav, little gain was taken awav from the main beam. 
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